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AN  APPRCXII\  ATION  THEOREM 


Lipman  Bers 


The  simple  approximation  theorem  stated  below,   an  incidental 
by  product  of  an  investigation  with  a  different  aim,   seems  not  to  be 
recorded  in  the  literature.     The  proof  uses  a  device  due  to  Ahlfors. 

Definition.     Let  D  be  a  domain  in  the  complex  plane,   D  its 
boundary  and  i  C  D  a  closed  set.     V/e  call  A  ample  if  (i)  it  contains 
every  point  of  D  which  is  not  a  boundary  point  of  the  complement  G 

■ 

of  DUD,   and  (ii)  in  every  component  of  G,   the  part  of  /   contained  in 
its  boundary  has  positive  harmonic  measure. 

Examples.     Let  D  be  the  complement  of  a  nowhere  dense  set  A; 

then  A  is  ample.     Let  D  be  bounded  by  k  closed  Jordan  curves  C.  and 

let  ."^^  .  be  a  subarc  of  A.;  then  A  =  X  -u  .  .  .u  ^  ,    is  ample.     If  C.  is 

rectifiable,    it  suffices  to  assume  that  .  .C  C.  has  positive  linear 

J        3 


measure. 


Theorem.     Let  A  be_  a  set  on  the  boundary  of  a  plane  domain  D 
and  assume  that  the  closure  of  A.  is  ample.     Let  f(z)  be  analytic  in  D 


and  such  that 


n 


(1)  I   I   |f(z)|  dx  dy  <  +M. 

d'' 


*This  paper  represents  results  obtained  at  the  Couranl  Institute  of 
r.athematical  Sciences.   Hew  York  Universit/,   under  the  sponsor- 
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Then  there  exists  a  sequence  of  rational  functions  r.(z),    with  sinnple 

J 

poles  in  i v  and  no  other  singularities,    such  that 
(2)  lim     f  r  |f{z)  -  r.(z)|   dx  dy  =  0. 

Proof.     V/e  assume  i\  to  be  infinite;  otherwise  the  statement  is 
trivial.     Let  a  denote  the  set  of  rational  functions  with  simple  poles  in 
A,   which  are  absolutely  integrable  over  D.     Analytic  functions  satisfy- 
ing (1)  form  a  Banach  space.     L-et  £  be  a  continuous  linear  functional 
on  this  space.     It  suffices  to  show  that  if  PA^)  =  3  for  all  <t)  in  a ,   then 
5=0. 

Every  H  is  of  the  form 


JJ«.,. 


(3)  Hif)  =  f(z)  Miz)  dxdy 

D 

where  /i  is  a  bounded  measurable  function.     Let  a,  and  a„  be  two  points 
in  II  and  set 

(z  -  a,)(z  -  a   )      /-/*  /■  \^EA 

(4)  h(z)-  ^  2         ff  M(.)d?dn 


J/ 

D 


(t>  -  z)(i;  -  a^Xi  -  ag) 


Then  h(z)  is  continuous  everywhere,   h(a  )  =  h(a„)  =  0,   h  has  general- 
ized  derivatives  which  are  locally  square  integrable, 

(5)  3h/9z  =  Ai  in  D 

and  h(z)  is  anal>'tic  in  the  complement  G  of  the  closure  of  D.     Also, 


c.  [rf^i,*'  •  <■;:     ;■'  '  ; 


iC    yJK 


t--;; 


5  9  Si  J  I. 


U* 


oit  '">!i;5  y:'  rii  3'?io.:i 


'  .-w  I 


i  •",  '-> 


i)r;::"o.t.?o/'.A  •';.■; 
am':    (.  c  r.  ■    ^  ; 


n":'^-ji  sr^y  10  ?;  .^ 


^','1  idj  ( ■^}  !.\  ( •■:)"•. 


ll 


10: 


(U 


A/J  «:'   ^B  bas    .Ji  52-1. 


>;roi':r:..  '^jr5,,-rn;aR3X75  osruu 


;  f  J-i 


i-rifc  .;i.  m 


''.~v 


( 


i/ 


■rl'.!!;-.       -        ,:; 


-    -    vijll  (>) 


.  ■  1,  ^  I 


. /:.  ;'-■;;■  J.,  i 


=  2)ri  i'lS)!"^ 


f^) 


■3- 


(6)  h(z)  =  0(|z|  log  |z|),       z-M, 

and,   for  every  Fe  >   0, 


(7)  |h(z')  -h(z")|    ^C(x-:)  |z'    -z"|     I  log  I  z'    -z"  |  !      for  |z'  I,  |z"  Up, 


All  this  is  verified  by  standard  arguments. 

Assume  that  Hi'  )  =  0  for  all  u.   in  a .     For  every  a  e  /S 
a  =^  a  .  a  ,  the  function  <,   (U  =  (*>'  -  a)     (K  -  a^)     (i   -  a  )    belongs  to  a. 
For  this  (I. ,    -tt  h(a)  =  (a  -  a  )  (a  -  a„)  !l((r  )•     Thus  h  =  0  on  the  closure 
of  A.     Using  condition  (ii)  of  ampleness  we  conclude  that  h  =   0  in  G, 
and  hence 


(8) 


h  =  0  on  D 


Let  6(z)  denote  the  distance  from  z  to  D;  by  (6)  and  ( ]) 


(9) 


|h(z)  I    ^  C(rj   6(z)  llog  6(z)  I  for  Iz'  ;^  E 


Now  let  j(t),    -00  be  an  infinitely  differentiable  function  such 
that  0<  j(t)  <  1.  j(t)  =  0  for  t  ^  1,  j(t)  =  1  for  t>  1  and  set,   for  n  =  1, 
2,    .  .  .  ,   and  for  z  in  D, 


u;^(z)=j(   -n/loglog-j-^^) 


(this  device  is  due  to  Ahlfors).     Since  6  (z)  is  Lipschitz  continuous 
with  constant  1,   and  j'  (t)  =  0  outside  the  interval  1  <  t<  2,   one  verifies 
that 


(10) 


Ou  (z) 
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dz 
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n        6 (z)  I  ^Qg  6 (z) 
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For  every  R>  j,   let  D(n)  aad  r(R)  denote  tne  intersection  of 
D  w  th  the  disc  I  z  |<  P.  and  the  circle  |z|   =  K,   respectively.     By 
(j)  and  Stokes'  theorem 


U ".' 


(z)f(z)/.!(z)  dx  dy 
D(R)  D(R) 


-  n  % 


(z)  TTT-   (h(z)f(z))  dx  dy 

JZ 


ou    (z) 


(j^(z)h(z)f(z)dz  -  J  J    f(z)h(z)— ^1 dxdy 


r(R) 


D(R) 


for  every  f(z)  anal /tic  in  D,    since  u    =   u  near  D.    Assume  now 

n 

that  (1)  holds.     By  (9)  and  (IC)  the  last  integral  goes  to  0  foi- 

n->co,   and  ,   since  u    —1,   we  conclude  that 

n 


J  J  f(z)M(z)  dx  dy  1^  I  -|-     J      f(z)  h(z)  dz 
D(R)  r(R) 


Here  the  right  hand  side  vanishes  for  large  R  if  D  is  bounded,   but 
is  in  all  cases  less  than 


(U) 


R   J        !f( 


const.   R  log  R    J         li(z)l|dz| 

r(E) 


(R>1) 


in  view  of  ('),   S.nce 
+00 


f 


J 


f(z)||   dz  I  IdR  <  +  CO 


0    ^  r(R) 


by  (1),   the  quantity  (11)  can  not  remain  above  a  positive  number  as 
R-co.     \7e  conclude  from  (3)  that  J2(f)  =  0,   q.e.  d. 
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